Introduction
It is well known by now that pressure, temperature, and film shape definitely play important roles in the failure of heavily loaded non-conformal contacts, such as rolling element bearings, gears, traction drives, or cams and tappets. Furthermore, the effect of heat generated due to the shearing of the high-pressure lubricant is no longer negligible under sliding conditions, as the heat changes the characteristics of the oil flow because of a decrease in viscosity. Therefore, the thermal effect on the film thickness and traction is significant in elastohydrodynamic lubricated contacts. So an accurate estimate of the temperature distribution in the contact zone at various operational parameters is necessary. Since (Sternlicht et al., 1961) started to consider the thermal effects of line contact in the EHL under rolling/sliding conditions, the inclusion of thermal effects in EHL has been an important subject of research in the field of tribology. Many numerical solutions considering the thermal effects on EHL have been presented, for instance, by (Ghosh & Hamrock, 1985) , (Salehizadeh & Saka, 1991) , and (Lee & Hsu, 1993) ; and for thermal point contact problems by (Zhu & Wen, 1984) , (Kim & Sadeghi, 1992) , and (Lee & Hsu, 1995) . With respect to measuring the temperature increase in EHL contacts, (Cheng & Orcutt, 1965) , (Safa et al., 1982) , and (Kannel et al., 1978) have measured the temperature increase in a sliding surface using a thin film gauge deposited on a disc. (Turchina et al., 1974) and (Ausherman et al., 1976) employed an improved infrared technique to measure the temperature distribution of the oil film and surface. They demonstrated that the temperature was maximum at zones with minimum film thickness in the contact side lobes. Recently, (Yagi et al., 1966) described the mechanism of variations of EHL oil film under high slip ratio conditions. The oil film thickness between a ball surface and a glass disk was measured using optical interferometry, and the temperature of both the surfaces and of the oil film average across it were measured using an infrared emission technique. They demonstrated that the shape of the oil film can be varied by viscosity wedge action which related to pressure and temperature. During the last decade, optical interferometry has been found to be the most widely used and successful method in measuring oil film. Several studies of an EHL film were carried
Theoretical analysis
As shown in Fig. 1 , the contact geometry of two rollers can be reduced to the contact geometry as a roller and a flat surface. For the steady state, thermal EHL line contact problems, the Reynolds equation can be expressed in the following dimensionless form as: 
where z is the pressure-viscosity index, β is thermal expansivity of lubricant, γ is temperature-viscosity coefficient of lubricant. If the pressure and mean temperature are given, the apparent viscosity and density can be calculated from equations (2) and (3), respectively.
Pressure calculation
It has been known that the film thickness in an EHL contact is the sum of the elastic deformation of the surfaces and the gap distance between two rigid surfaces. In the EHL line contact, the film shape in the dimensionless form is given as:
Discretizing the domain with equi-distant mesh size Δ, Eq. (4) 
The normal load for the line contact is assumed to be constant, thus the constant 0 H can be obtained from the dimensionless force balance equation as:
or in the discretized form
Once the film shape is measured, the pressure distribution can be calculated from Eqs (5) and (8) or in a matrix form as:
This system equation consists of n+1 equations and unknowns, and the matrix D is a full square matrix. In this paper, if the pressure distribution is calculated from this system equation, then it is called the direct inverse method.
Inverse approximation for calculating pressure
In order to avoid the small fluctuation in calculating the pressure, the pressure distribution can be assumed to be a polynomial function, the pressure distribution can be represented in the following series form in terms of X as:
where a m is an undetermined coefficient, l is a positive integer, and c is a constant. In this paper, most of c is set to zero. Substituting this approximation into the system Eq. (10), the governing equation becomes In this equation, Hi is the film thickness with n measured point, and D is a (1 ) (1 ) nk +×+ matrix, where k is the total node number of the pressure. It is obvious that F is a (1 ) (2 ) kl +×+ matrix, and A is a (2 ) l + vector. For the viscous EHL problem, it has been known that the pressure spike appears in the dimple region of the film shape. Hence, to obtain the pressure distribution using the inverse approach, it is necessary to divide the domain into a few regions due to the singular point at the pressure spike. Therefore, the divided matrix form can be written as:
If the unknown variables a m and H 0 are given, the estimated film thickness can be calculated from Eq. (14). It is obvious that the estimated film thickness is different from the measured one. Hence, to obtain the smallest error between the measured and estimated film thickness, the linear least squares methods is employed here. The least-squares criterion requires the following function to be minimized.
The best value for A can be determined from
Then, the governing equation for the best value of A can be obtained as
In this equation, () () T DF DF is a (2 ) (2 ) ll + ×+ matrix. As a result, it can save much computation time in calculating A because l is generally less than 20 in the present study. The variables a m are given, the pressure distribution can be calculated from Eq. (11). Furthermore, since the pressure has been expressed as the polynomial form, the small fluctuation in the pressure can be eliminated.
Temperature calculation
The temperature distribution within an oil film can be solved by the energy equation subject to appropriate boundary conditions. Neglecting heat convection across the film and circumferential conduction in the film, the energy equation for line contact problems may be written as:
Adding the continuity equation to Eq. (18) and integrating the resultant energy equation across the film thickness can be expressed as:
The non-linear integral convective terms in Eq. (19) can be linearized and be approximately equivalent to the product of the mean velocity and the temperature. 
or in dimensionless form as: The energy equation requires the surface temperatures of the rollers as its boundary conditions. The problem of the surface temperature of a semi-infinite solid subjected to a moving heat source was first solved by Carslaw and Jaeger. Therefore, the boundary conditions for Eq. (23) can be expressed as:
Once the film shape is measured, the variables a m can be calculated from Eq. (17). Therefore, the pressure distribution can be calculated from Eq. (11), and the estimated film thickness can be calculated from equation (14). As mentioned above, since the mass density and the viscosity of lubricants are the functions of the pressure and mean temperature, so the initial mean temperature must be guessed, and the Gauss-Seidel iteration is employed to calculate the temperature from Eqs. (2), (3) and (23)- (26). If the pressure distribution, film shape, mass density and viscosity of lubricants with are given, then the Reynolds Eq. (1) can be satisfied.
Results and discussion

Direct inverse method
In order to illustrate the validity of the present technique discussed above, several numerical tests have been performed. Typical results for the case of W=1.8182x10 -5 , U=7.2727x10 -12 , and G = 3500 with 169 grid points are shown in Figs. 2 and 3. In this study, the 'exact' solution of film thickness, pressure, and temperature rise distribution in the lubricated contact are calculated numerically by using the lubricant and roller properties according to Tables 1 and 2 . In solving the thermal EHL line-contact problems, the coupled Reynolds, energy, load balance, film thickness, rheology, and surface temperature equations must be solved simultaneously. When the measured points are the same as the estimated points, it is not necessary to use the series form to represent the pressure distribution. Hence, the solution obtained from Eqs. (2), (3), (9) and (23)- (26) are called the solution of the direct inverse method. By using the direct inverse method, Fig. 2 shows the effect of the measured points of the film thickness on the pressure distribution, and Fig. 3 shows the effect of the measured points of the film thickness on the temperature rise distribution. In these figures, the input data is the film thickness at different measured points. It is obvious that with increasing the number of measured points, the solution approaches the 'exact' numerical solution. When the 8-point measurements are taken uniformly, results show that the estimated values of the pressure and temperature rise are bad in the whole region. When the 43-point measurements are taken uniformly, results show that the estimated values of the pressure and temperature rise are quite accurate in the inlet and outlet regions, but the pressure and temperature rise spikes are incorrect. When the measured points are increased, results show that the estimated values of the pressure and the temperature rise become quite accurate in the pressure spike region. It is clear that the direct inverse method requires a lot of measured points. Poisson's ratio of rollers 0.3 Table 2 . Properties of rollers.
Usually, the measurement error always occurs in the optical interferometry measurement. This minor measurement error makes the estimation away from the 'exact' numerical solution. In this study, the measured film thickness is generated from the pre-selected 'exact' numerical film thickness with the minor measurement error, and it can be expressed as:
where i λ is a random number, c H is the dimensionless central film thickness, and σ is the dimensionless standard deviation of the measurement error. Figs. 4 and 5 show the effect of the dimensionless standard deviation of the measurement error on the pressure and temperature rise distribution. It is seen from these figures that the minor measurement error on the oil film significantly influences the pressure and temperature rise distribution. Table  3 also shows that the resolution in film thickness can result in an error in the solution of the pressure and temperature rise distribution. Generally, the film thickness gradient is sensitive to the pressure distribution. As a result, pressure fluctuations can be found everywhere. If this pressure distribution is used to solve the temperature rise distribution, the error in the temperature rise should be also found everywhere. () ( % ) Table 3 . Effect of film thickness measurement error on pressure and temperature ( 11 X −< < )
Inverse approach solution for pressure and temperature rise distributions
To overcome the problems of pressure and temperature rise fluctuations, this paper proposes the use of an inverse approach. It is known that a pressure spike appears in the dimple region of the film shape in the viscous EHL problems. Hence, to obtain accurate pressure and temperature rise distributions using the inverse approach, it is necessary to divide the domain into several regions due to the singular point at the pressure spike. In this paper, the domain is divided into three regions including the inlet region, the Hertz contact region, and the outlet region, respectively. The unknown pressure distribution is approximated by a polynomial form shown in Eq.
(11) with c = -3 and a 0 = 0; and the degrees of these three regions are shown in Table 4 . The measured points in the film thickness can be chosen as 12, 21, and 31, within a domain from Xin = -3 to Xend = 1.2, and have been shown in Table 4 . By using Eq. (17), the polynomial coefficients can be calculated. Substituting these coefficients into Eq. (11), the estimated pressure distribution can be calculated. It is seen from Figs. 6 and 7 that the number of measured points significantly influences the pressure and temperature rise distributions.
With the increasing measured points, the solutions of the pressure and temperature rise distributions approach the 'exact' numerical solution. A twelve-point measurement in the film thickness gives a smooth solution of the pressure and temperature rise distributions, but it still exhibits a few errors on the whole region. For the 21 measured points in the film thickness, the solution of the pressure and temperature rise distributions are almost the same as the 'exact' numerical solution, but it still exhibits a few errors on the pressure and temperature rise in the vicinity of the spike region. Therefore, to obtain accurate pressure and temperature rise estimations, it is necessary to increase the number of measured points in the dimple region and in the pressure spike region, as shown in Fig. 6 and Table 4 . The minor measurement error on the oil film significantly influences the pressure and temperature rise distributions. Therefore, to understand the effect of pressure error on the film shape, the estimated film shape can be calculated from the calculated pressure using Eq. (14). It is seen from Fig. 6 that with a twelve-point measurement, the estimated film shape is a very smooth curve passed through the measured points, but it is different from the 'exact' numerical film shape within the domain from X=-3.0 to X=1.2. For the other two measured cases, the estimated film shape is quite close to the 'exact' numerical film shape. It was discussed above that any small error on the film shape could result in a significant error on the pressure and temperature rise distributions. Hence, with more measured points, the error in the estimated film shape can be reduced, so that the estimated pressure and temperature rise distributions can be closer to the 'exact' numerical solution. The unknown pressure distribution is approximated by a polynomial form shown in equation (11) with the highest degree of 3, 5 and 7, respectively. It is seen from Figs. 8 and 9 that with the highest degree of 3, the inverse approach can simulate the pressure and temperature rise distributions, but the pressure and temperature rise slight oscillations occur at all regions, the error in the pressure and temperature rise are obvious and the pressure and temperature rise spikes disappear. With increasing polynomial degree, the errors in the pressure and temperature rise decrease. It was discussed in Figs. 4 and 5 that the minor measurement error in the film thickness can result in pressure and temperature rise fluctuations everywhere. To obtain a smooth curve in the pressure and temperature rise distributions, the inverse approach is employed to solve this case. Figs. 10 and 11 present typical results obtained using the inverse approach when all the operating parameters are the same as those used in Figs. 4 Table 4 . The regions and measured points in the film thickness. figures, the domain for the estimated pressure and temperature is divided into three regions with a total of 31 measured points in the film thickness. The range, degree of the polynomial form, and distribution of the measured points across these three regions are shown in Table 4 . The numerical test tries to overcome the pressure and temperature rise fluctuations resulting from the implemented error in the film thickness. It is seen from Figs. 10 and 11 that with the increasing dimensionless standard deviation of the measurement error, the errors in the pressure and temperature rise distributions also increase, especially at the Hertz contact region. For the case of σ = 0.002, the results in the pressure and temperature rise distributions are almost equal to the 'exact' numerical solution. These results indicate that the present algorithm can overcome the pressure and temperature rise fluctuations due to the measurement error in the film thickness. Moreover, computing time can be saved due to the small matrix used in Eq. (17).
Inverse solution for apparent viscosity
Once the film shape is measured, the pressure distribution and estimated film thickness can be calculated from Eqs. (11), (14), and (17). As mentioned in section 3.3, the temperature rise distribution is calculated from Eqs. (2), (3) and (23)- (26) by using the Gauss-Seidel iteration. Furthermore, the mass density and the apparent viscosity of lubricants can also be obtained. 
